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Abstract. In this paper, we generalize a conjecture due to Darmon and Logan (see [DL03] and 
[Dar04], chapter 8) in an adehc setting. We study the relation between our construction and 
Kudla's works on cycles on orthogonal Shimura varieties. This relation allows us to conjecture a 
Gross-Kohnen-Zagier theorem for Darmon's points. 



1. Introduction 



The theory of complex multiphcation gives a collection of Heegner points on elliptic curves over 
Q, which are defined over class fields of imaginary quadratic fields. These points allowed to prove 
I Birch and Swinnerton-Dyer's conjecture over Q for analytic rank 1 curves, thanks to the work of 

Gross-Zagier and Kolyvagin. 

Let us briefly recall the construction of Heegner points. If E is an elliptic curve over Q then we 
I know that E is modular. Let N be the conductor of E. There exists a modular form / € 5*2 (iV) 

such that L{E,s) = L{f,s). Denote by : ro{N)\'H — > E{C) the modular uniformization 
which is obtained by taking the composition of the map zq G "H > c J-^ 27ri/(z)dz (here c denotes 
. the Manin constant) with the Weierstrass uniformization. Let zq € r\ K, where K/Q is an 

I imaginary quadratic field. A Heegner point is given essentially by 27ri /.^ f{z)dz modulo periods 

of /. It is the Abel-Jacobi image of zq in C/Ae — E{C). The theory of complex multiplication 
shows that these points are defined over class fields of K. 

In [Dar04], Darmon gives a conjectural construction of Stark-Heegner points, which is a gcncr- 
^ I alization of classical Heegner points. These points should help us to understand, on one hand the 

QQ . Birch and Swinnerton-Dycr conjecture, on the other hand Hilbcrt's twelfth problem. 

CO ' In more concrete terms, assume that _F is a totally real number field of narrow class number 1. 

fO . Let Tj be its archimedean places, and K/F some quadratic "ATR" extension (i.e. K has exactly one 

complex place). Darmon defines a collection of points on elliptic curves E/F which are expected 



. to be defined over class fields of K. In this case, the (conjectural, but partially proved by Skinner 

' - Wiles) modularity of E gives the existence of a Hilbert modular form / on whose periods 

appear as a tensor product of periods of Erj = E ^f,tj C The construction explained in [DL03] 
can be seen as an exotic Abel-Jacobi map. 

In this paper, we generalize Darmon's contruction by removing the hypothesis "ATR" on K 
' (but we assume that K is not CM) and the technical hypothesis that F has narrow class num- 

' ber 1. We replace the Hilbert modular variety used in the "ATR" case by a general quaternionic 

Shimura variety and define a suitable Abel-Jacobi map. We are able to specify the invariants of 
the quaternion algebra using local epsilon factors and to give a conjectural Gross-Zagier formula 
for these points. We conclude the paper by establishing a relation to Kudla's study of cycles on 
orthogonal Shimura varieties, in order to give a Gross-Kohnen-Zagier type conjecture. 

Let us summarize the main construction of this paper. Let be a totally real field of degree d 
and let Ti , . . . , Trf be its archimedean places. Fix r € {2, . . . , d}, and and a quadratic extension K/ F 
such that the set of archimedean places of F that split completely in K is {t2, . . . , r^}. Let B/F he 
a quaternion algebra which splits at ti, . . . , and ramifies at Tr+i, . . . ,Td. Let G = Kbsf/qB^ . We 
will denote by ShniG, X) the quaternionic Shimura variety of level H (a compact open subgroup 
of G{Af)) whose complex points are given by 

ShH(G, A)(C) = G(Q)\(C \ R)'' X G{Af )/H. 
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Fix an embedding q : K ^ B. There is an action of {K (g) R)^/(i^ R)^ on (C \ R)''. 
By considering a suitable orbit of this action, wc obtain a real cycle of dimension ?' — 1 on 
ShniG, X){C). Using the theorem of Matsushima and Shinmra, wc deduce that there exists an 
r-cyele A;, on Sh/j (G, X)(C) such that dAt is an integral multiple of J%- 

Let E/F be an elliptic curve, assumed modular, i.e., there exists a Hilbert modular eigenform if 
satisfying L{E, s) = L{ip, s). We will assume that this form corresponds to an automorphic form ip 
on B by the Jacquet-Langlands correspondence. There exists a holomorphic differential form lo^ of 
degree r on Shi/(G,X)(C) naturally attached to tp. In general, the set of periods of uj^ is a dense 
subset of C. Fix some character /3 of the set of connected components of {K (g) R)^/(F (g) R)^. 
Following Darmon we define a modified differential form u!^ whose periods are, assuming Yoshida's 
period conjecture, a lattice, homothetic to some sublattice of the Neron lattice of E. 

The image of (a suitable multiple of) the complex number J^^ in C/A^; is independent of the 

choice of A;,. Hence it defines by Weierstrass uniformization a point in E{C). We conjecture 
Conjecture (5.1.1). Pj^ = * (/a, '^^) e E{C) lies in E{K''^) and 

Let us assume this conjecture is true and denote by _ftr^ the field of definition of P^ . Let n — tt{(p) 
be the automorphic representation generated by (p; fix a character x '■ Gal(/f^/i4r) ^> C^. Denote 
by e{TT X X: 5) the sign in the functional equation of the Rankin-Selberg L-function L{tt x s) and 
by TjK ■ F^/F^'Ni(/p{K^) — > {±1} the quadratic character of K/F. The following proposition 
proves that B is uniquely determined by K and the isogeny class of E/F. 

Proposition (5.3.1). Let b E and assume conjecture 5.1.1. If 

^x{Pb ) - E ^('^) ® Pb e E{K+) ® Z[x] 

crGGaUif+ZK) 

is not torsion, then : 

\/v\(X) ?7_R-,„(-l)£(7r„ X Xi,, ^) = uWi,(B„) and e(7r x x, ^) = -1. 

The last part of this paper is focused on a conjecture in the spirit of the Gross-Kohnen-Zagier 
theorem. Assume that E{F) has rank 1. Denote by Pq some generator modulo torsion. For each 
totally positive t E Op such that {t) is square free and prime to dj^/F, denote by K[t] the quadratic 
extension K[t] = F{^/—Dot), where Dq G F satisfies t, (Do) > if and only if j G {1, r + 1, . . . , d}. 
Let Pt^i be Darmon's point obtained for K[t] and 6=1, and set 

Pt = TrA-[t] + /_F-ft,i- 

The point Pt is in E{F) and there exists some integer [Pt] S Z such that Pt = [ft]^o- In the spirit 
of conjecture 5.3 of [DT08] we conjecture that : 

Conjecture (6.3.5). There exists a Hilbert modular form g of level 3/2 such that the [Pt\s are 
proportional to some Fourier coefficients of g. 

In our attempt to adapt Yuan, Zhang and Zhang's proof in the CM case [YZZ09] to prove this 
conjecture, we obtained a relation between Darmon's points and Kudla's program, see Proposi- 
tion 5.5.3.2. 

Acknowledgments. This work grew out of the author's thesis at University Paris 6. The author is 
grateful to J. Nekovaf for his constant support during this work, and to C. Cornut for many useful 
conversations. 

2. QUATERNIONIC ShIMURA VARIETIES 

In this section we recall some properties of Shimura varieties associated to quaternion algebras. 
The standard references are Reimann's book [Rei97] and [Mil05]. The content of this section is 
more or less the transcription to Shimura varieties of what is done for curves in [CV07] and [Nek07]. 
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Let F be a totally real field of degree d ~ [F : Q] and ri, . . . , its archimedcan places. Denote 
by Q C C the algebraic closure of Q in C so tj : F ' — > Q. Fix r e {2, . . . ,d} and a finite set Sb 
of non-archimedean primes satisfying 

I^bI =d~r mod 2. 

Let B be the unique quaternion algebra over F ramified at the set 

Ram(i?) = {r^+i, . . . ,Td} U Sb- 

For each j S {1, . . . ,d} we put Bt^ = B ®F,Tj It is not necessary but more convenient to fix for 
each J G {ti, . . . , t^} an R-algcbra isomorphism 

Br, ^ M2(R). 

The constructions given in this paper are independent on the choice of these isomorphisms, as in 
the author's PhD thesis [Garll]. 

Let G be the algebraic group over Q satisfying G{A) = {B (g)Q A)^ for every commutative 
Q-algebra A. We will denote by nr : G{A) — > {F (E)q A)^ the reduced norm and by Z the center 
of G. For j e {1, . . . ,d} let Gj be the algebraic group over R given by Gj = G ^F.r, R; thus Gr 
decomposes as Gi x • • • x Gd- For any abelian group A, denote by A the group ^ ig) Z. 

Let X be the G(R)-conjugacy class of the morphism h : S = Resc/R(G„i_c) — > G(R) = 
Gi(R) X • • • X Gd(R) defined by 

/ 




The set X has a natural complex structure [Mil90] and the following map is an holomorphic 
isomorphism between X and (C \ R)'' : 

, -1 f aii + bi ari + br\ 

ghg I — ^ 5 • I, ... ,i) = , 

\Cil + di Crl + drJ 

where g = {gi, . . . , gd) G G(R) and for j e {1, . . . , r} gj is identified with ^-'^ . 

Quatcrnionic Shimura varieties. Let H be an open-compact subgroup of i?^. The quaternionic 
Shimura varieties considered in this paper are algebraic varieties Sh/f (G, X) whose complex points 
are given by 

ShH{G,X)iC) = B'<\{X X /H)), 
where the left-action oi B^ and the right-action of H are given by 

\/keB'^ MheH \/{x, b)eX X B"" k-{x,b)-h = {kx, kbh). 

Such Shimura varieties are defined over some number field called the reflex field. In our case this 
number field is 

^' = Q ii^J'^'^^' a e C Q C C. 

We will denote by [a;,5]i/ the element of Shjy(G,X)(C) represented by {x,b) and by [x,b]^<^^ the 
corresponding element of the modified variety Shjj(G/Z, X)(C) = x B'^/HZ)). 

Remark 2.1.1. The complex Shimura varieties are compact whenever B ^ M-iiF'). The Hilbert 
modular varieties used by Darmon in [Dar04] chapter 7 and 8 are obtained when B = M^iF) and 
r = d. 

The Shimura varieties form a projective system {Shi/(G, X)}// indexed by open compact sub- 
groups in B^ . The transition maps pr : Shff(G, X) — > Shff'(G, X) are defined on complex points 

by 

{x,b\H ^ [x,b]H'- 
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There is an action of on the projective system {Sh/f (G, X)}// . The right muhiphcation by 
g e 13^ induces an isomorphism [g] : {Sh//(G,X)}H {ShH{G,X)}g-iHg, defined on complex 
points by 

[■9][x,b]H = [x,bg]g-iHg- 

Complex conjugation. Fix j g {l,...,r}. Let hj : S ~> Gj^n be the morphism obtained by 
composing h with the j-th projection Gr G^.r and Xj the Gj(R)-conjugacy class of hj. For 
gjhjgj^ G Xj, the set lu\{gjhjgj^) is a maximal anisotropic R-torus in G^.r. The map 



X 



£j : Xj I— >■ Im{xj) satisfies \£j ^{£j{xj))\ = 2, thus there exists a unique antiholomorphic and Gj,R- 
equivariant involution 



such that 

\/xj eXj £-^ {£j {xj)) = {xj, tj {xj ) } 



' ' X y 



More precisely, under the identification Xj — > C\R, the map £j satisfies £j{x+iy) = 

and £j^{£j{x + iy)) ~ {x + iy,x — iy}. Note that the map tj can be extended to complex points 
of the Shimura varieties by tj{[x,b]H) = [tjix), b]H; tj acts trivially on Xk for k ^ j. 
Differential forms. In this section we recall some facts concerning differential forms on Shimura 
varieties. We will denote by ^Ih = ^h/f> the sheaf of differentials of degree r on Shjy(G, X) 
and by ri|f the sheaf of holomorphic r-differentials on Shjy(G, X)(C), provided that Sh//(G, X) 
is smooth. Recall that the GAGA principle gives us the following isomorphism between global 
sections 

V{S\iH{G,X),^lH)®F' C ^T{S\iH{G,X){C),n-^^). 

Notice that in general, Sh// (G, X) is not smooth. In this last case we will fix some integer n > 3 such 
that for each p in Ram(i?) we have p \ nOp and for each v \ nOp isomorphisms : B^ ^ M2{Fy). 
The group 

H' = e H, s.t. Vw I nOp K = mod jiOp,. 

is of finite index in H and Sh^f'(G, AT) is smooth. The map Sh///(G, X) Sh//(G, X) is a finite 
covering. Wc define = [h]h'\ '^aeH/H' <^^H' = {^H')^ ■ By abuse of language, we shall call 
an element of r(f7ff) = r(Sh/^(G, X), 17^) = iJ2aeH/H' <j)T{ShH'{G, X),nH') a global r-form on 
Shjj(G, X). Remark that the space of global holomorphic r-forms lin^^ r(fi|f ) is equipped with a 

canonical action of B^ given by pull-backs [g]* . 

Let e S {±1}'' and denote by r{{Q^)'^) the space of r-forms on Sh/f(G, X)(C) which are 
holomorphic (resp. anti-holomorphic) in Zj if Sj ~ +1 (resp. if Sj = —1). The maps tj pulled-back 
on r((r2|J')'^) satisfy 

where ej,, = Sk for k ^ j and e'j — — Ej. 

When a G nj=2{±l} ^e will define Cj G {0,1} by aj = (-1)"' and by ni=2(^j)'''- Let 
/3 : Yrj=2{^^} ^ {^^} be a character and oj G r(n|J'). Wc shall denote by uj^ the element 

= E.6{±i}^-i /3WC(w) of e, r((fi|f 

Automorphic forms. Let S2 be the space S2 2 o(^a) o^ functions Lp : B^ ~ G(R) x 13^ — > C 
satisfying the following properties : 

(1) V5 G i?x V& G Bl ^{gb) = ^(6), 

(2) V5 G (RX)'' X G,.+i(R) X • • • X Gd(R) C G(R) V6 G B^ Lp{bg) = ip{b), 

(3) yhenybeBl ipibh) = >p{b), 

(4) VgGS^ \f{ei,...,er) gR'' 



^ 9 



COS 61 — sin di \ f cos 6,. — sin ( 
sin 9i cos 9i / ' ' ' ' ' 1 sin 6^ cos ft 



,1,...,1 
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(5) For all g £ B^, the map 

(xi +iyi,...,Xr +iVr) ^ 



-V 9 



2/1 

1 



1 



is holomorphic on T-T where % denotes the Poincare upper-half plane. 
Remark that we do not need any assumption to obtain cuspidal forms as B will be assumed to 
differ from M2{F). 

There is an action oi B^ on 5*2 = IJ^ defined by 

V.g e B"", V(/3 G S'2, Vx e B^ g- ip{x) = (p{xg); 

thus S2 is the space of i7- invariant functions in S'2. 

By modifying the properties 4 and 5 above we obtain the following new definition : 

Definition 2.1.2. Let e : {ti, . . . ,Tr} — > {il} and Ei = e{Ti). The space (Sf)^ is the space of 
maps (fi : B^ ~ G'(R) x B^ — > C satisfying 1-3 above and 
4'. for aU g e B^ and {61... Or) e R'' 



f 9 



cos til — sm Oi 
sin 61 cos 6*1 



cos f 
sin t 



— sm ( 
cos 9, 



5'. for all g e B^ the map 
{xi+iyi,...,Xr + iyr) ^ 



1 



-"P 9 



yi xi 
1 



X e 



1 



,1, 



1 



iyj <E% ii Ej = 1 (resp. Ej 



is holomorphic (resp. anti-holomorphic) in Zj — 1 i-yj ^ / 1, li cj — -l cj 

We will denote by S"!" (resp. (S"!)^ ) the space of elements in S'2 (resp. S'f) which are F^- 
invariant. 

We are now able to affirm the existence of relations between r-forms on Shi/(G, X)(C) and 
automorphic forms : 

Proposition 2.1.3. There exist bijections compatible with the B^ -action between the following 
spaces : 

r(r2|f) and Sf 

nm') and (S|)«^ 

T{ShH{G/Z,X){C),{n-^Y) and (S|)^^' 

This statement is completely analogous to section 3.6 of [CV07], sec [Garll], Propositions 1.2.2.4 
and 1.2.2.5 for more details. 

Matsushima-Shimura theorem. The decomposition of the cohomology of quaternionic Shimura va- 
rieties given by Matsushima-Shimura theorem will be usefull in the following sections. Let us recall 
this result when B 7^ M2{F) [MS63] and [Fre90]. Denote by /i^ the narrow class number of F. 



Theorem 2.1.4. Let m e {0 

if"(Sha(G,X)(C),C)^ < 
and 

iJ"(ShH(G/Z,X)(C),C)~ ^ 



. ,2r}. We have the following decomposition : 
/ \ ^ 

dgj Ad~ I 



Vect AieaC{l,...,r-l} 

I \a\—m/2 



Vcct/\^^aC{l,...,r-l} 

\ |a|— m/2 ^ 



if m 7^ r 



'0 



Vect/\,;gaC{l,...,r-l} '^""'^Z^' 
I I a |— m/2 ^ 



VcctA.eac{i...,.-i}^^ 

I a |— m/2 * 



(qe\HF^ 



if m 7^ r 



if m 



S ®ee{±i}'- 

where s (resp. s' ) is the number of connected components of ShniG, X)(C) (resp. o/Sh^f (G/Z, X)(C)j. 
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3. Periods 

3.1. Yoshida's conjecture. Let E/F be an elliptic curve, assumed modular in the sense that 
there exists a cuspidal, parallel weight two Hilbert modular form (p £ S'2(GL2(Ja)) satisfying 
L{E, s) = L{ifi, s). We shall assume that the automorphic representation generated by (p is obtained 
by the Jacquet-Langlands correspondence from ip € (^a)- 

Denote by tt = tToc (S) ttj the automorphic representation of B^/F^ generated by ip. We shall 
assume until section 3.3, only for simplicity, that dim ttJ = 1. 

Let M = h^{E) be the motive over F with coefficients in Q associated to E. Yoshida [Yos94] 
conjectures the existence of a rank 2*" motive Af over the reflex field F', with coefficients in Q, 
satisfying M' ~ (S'fn t } ^csp^piM. This motivic conjecture is the following : 

Conjecture 3.1.1 (Yoshida, [Yos94]). The motive M' over F' is isomorphic to the motive associ- 
ated to the part H*{Sh^-^^ (G, X))^^^ of the cohomology for which Hecke eigenvalues are the same 
as E. 

While looking at the €-adic realization, this conjecture is in fact the Langlands cohomological 
conjecture. This case is known, up to semi-simplification, thanks to Brylinski and Labcsse in the 
case B = M2{F) [BL84], Langlands in the case B ^ M2{F) for primes of good reduction, [Lan79] 
and Reimann (- Zink) [Rei97, RZ91] for a more general cases. 

Recall the following decompositions given by Yoshida in [Yos94] section 5.1, when we focus on 
t' : F' induced by f' : Q C. 

Betti cohomology. There exists an isomorphism of Q- vector spaces 

r 

^■■M^^0 MB,r, 

dc Rham cohomology. The map 

/ ■■ A^dR 

is an isomorphism of _F'-vector-spaces. The right hand side is a tensor product of Q-vector spaces 
and the action of CT e Gal(Q/F') isgivenby0^g|^^_ ,^^j(xs«'F,sas) ^ (8>s£{ri,...,T,} (^^ ®F,as cr{as))- 
Comparison isomorphisms. Let / = , where 

It, ■■ MB,r, «)Q C ^ AfjR ®F,r, C 

are isomorphisms of C-vector spaces, and /' be the following isomorphism over C : 

/' : ®Q C ^ M^R<»F' C. 
The maps / o [j^ (g)q idc) and (E)p' idc) o /' satisfy : 



Gal(Q/F') 



(MdR (E)F,r, Q) 



(★) / o (^ (8)Q idc) = (^ «)F' idc) o /' : (g)Q C ^ (g) (MdR ®F.r, C) . 

Yoshida's period conjecture consists of the isomorphisms J^, ^ , I and /' satisfying It is the 
Hodge-de Rham realization of the motivic conjecture above. 

Complex conjugation : Let Ct be the complex conjugation on Mb,t ■ We will need the following 
hypothesis, which allows us to compare Cr^ with t* on M^j^ ^pi C. 

Hypothesis 3.1.2. The action oft* on Af^pj ®f' C corresponds via the isomorphism 
{y ®Q idc) o (/')"' : M^^ ®p, C Af^ ®Q ^ ^ A/b.t,^ ®q C, 
to the action of Crj on M-q^t, ■ 
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3.2. Lattices and periods. Fix some 7^ in F^'M^^. By definition of M' , tlicrc exists a finite 
set of places S" of F such that for v ^ S, Tyco^ = ay{E)uj^. 

Let nE/F be the sheaf of differentials on E/F. Fix 77 7^ £ H^\E,D.e/f) = F^AUb. For 
j e {1, . . . let 

rij = V ®F.r, 1 e (i? ®F,r, Q, ^^(Bg,,,^ Q)/q) = (J^'^dR) ®F,r, Q- 

Then _ 

/ V Gal(Q/_F') 

r I r \ 

e ( (i^' AfdR ®F,r, Q) 1 - / (^^'■MdR) 

and there exists a G F'^ such that 

^{auj^) = rii ■ ■ ■ ® rjr. 

Let j e {1, . . . , r} and i?j = i? <E)F.Tj C. We shall denote by Hi{Ej, Z)* the eigenspaccs of the 
complex conjugation action on Hi(Ej, Z). Then 



where fl''' G R \ {0} and flj € iR \ {0} are determined up to a sign. We fix the signs by imposing, 
e.g., Re (n^) > and Im (flj) > 0. 

Fix a character /3 : {1} x nj=2{='=l} ^ {^1}; ^■'^d write f3 = 11^=2 l^j- We set 



J=2 



v-e{i}xn;=j±i} 

and 

The following identities 



3 

J=2 



IMb,.,. ®QC = (g)Homz(i?i(S, ,Z),C) =Homz (g) , Z), C 

and Yoshida's conjecture show that the image of auj^ under the map 

{J^ ®Q idc) o /'-I = o idc) : Af^R C — ^ ^0 Mb^t, | (X)q 

is identified with the linear form 

^]^,H,{E„Z) C 

Ti®...®T, /x,«...OT.<S);'=i(i+ft(-i)^;)'?. 

Hypothesis 3.1.2 allows us to be more explicit. Let Ti (g) • • • (g) T,, G (S*j=i -^li-^j, Z), then 



(1) 



g) (1 + ft (-i)t;) 77, = ( f m)f[f (1 + ft (-1)^*)^, 



'yi I n / '^J - 

and the linear form (1) takes values in Aifl^ ~ {ZQ^ + Zn^)n^ . 
Under the dual isomorphism y* of J^, the lattices 

r r 

(g)zi?i(^j,Z)c(g)QA/^,,^. and Im (i/,(ShH(G/Z, X)(C), Z) ^ (M^j)*) 
i=i j=i 
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arc commensurable. Thus there exists ^ G Z \ {0} such that 

eim(if,(ShH(G/Z,X)(C),Z) {M'bY) C J* I ^zHi{E,,Z) 
This proves the foUowing proposition : 

Proposition 3.2.1. Under the hypothesis made in this section (E is modular, the multiplicity one 
in Yoshida's motivic conjecture and 3.1.2), there exist a G F'^ and ^ G Z \ {0} such that 

V7 e Hr{ShH{G,X){C),Z), V/3 : ^[{±1} ^ {±1}, ^ f aoj!^ e A,n^ . 
3.3. General case. When m/f(7r) = dim Trf{ip) > 1 Yoshida's conjecture is the following 

(\ "Iff (tt) 
Rcsp/piM 
{ri,....r,-} / 

In general the motive H^{ShH{G,X)Y^^ has rank ^ 2^. We shall provide Betti and de Rham 
realizations of a submotive AI' C iJ''(Sh^f (G, X))^^' of rank 2'^ and an isomorphism M' 

0{ri,...,r,}R-eSi./F'A/. 

We need ^ uj^ e F'-H^^{ShH{G/Z,X)/F'Y^^ satisfying 
de Rham cohomology. The F'- vector space 

A^dR := ® 1) n H^^^{ShH{G/Z,X)/F'Y^^ 

has dimension 2^. 
Thus 

F^M^R := n F'-iJ5R(Sh^(G/Z,X)/F')(^) = F'lo^. 
Betti cohomology. Let 

I' : iJ5(ShH(G/Z,X)(C),Q)(^) ®Q C ^ i/d'R(ShH(G/Z,X)/F')(^) ®f' C. 

The Q-vcctor space 

:=/'-i(Af^R ®i., C)n77S(ShH(G/Z,X)(C),Q)(^) 

has dimension 2^. 

Definition 3.3.2. An element £ F'^ffJ^ (ShH(G/Z, is said rational if it satisfies the 

equations above. 

Comparison isomorphisms. There exist isomorphisms 

r 
.3=1 

Gal(Q/F') 

^ : ^ ( 0(MdR (SF,r, Q) 

and 

Ir^ : MB,r, ®Q C ^ A^dR ^F.r, C. 

Set / = ^"j^^ Ir^ . We have 

r 

{*) Io{J®ci idc) = {f ®F' idc) o /' : Mb ®q C ^ (g) (AfdR ®F.r, C) 

As in Proposition 3.2.1 we have 
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Proposition 3.3.3. Let uj^ e F''H'^^{ShH{G/Z,X)/F')'^^'^ be rational. If E is modular and if 
Yoshida's conjecture is true, then there exist a Cz F'^ and ^ £ Z \ {0} such that 

V7eif.(Sh^(G,X)(C),Z), V/3: n{±l}^{±l}, ^ / auj^^ e Ain" . 

Example. Let Hi,H2 C he compact open subgroups such that there exists g £ satisfying 
g'^Hig C H2. Let € F'^iJ^j^jsh^^ (G/Z, be rational. Let us explain a way to 

obtain w^, e F' HJr (Sh^^ (G/Z, rational. 
Let 

pr : Shg-iH,giG/Z,X) ShH,{G/Z,X) 



be the map given by 
and 
by 

[x,b]H, I — > [x,bg]g-iH,g- 
Let pr^ : ShHi{G/Z, X) Sh^f^ (G/Z, X) be the composition of pr with [g]. 



[x,b]g-iH,g ' — > [x,b]H2 
[■g] : ShHAG/Z,X) Shg-iH,g{G/Z,X) 



Choose 9g &Q. Set 



s.t. g-^HigGH2 



and 



iM[)B=(^eg pr;j (A/- 



IdR 



Proposition 3.3.4. Ifui^p^ 7^ 0, then the map ^gW*g is injective on^^^^_j_-^^yr Ct'^{u!^2 (g) 1) 

s.t. g~^HigGH2 

anduj^, e F''"H''^^{ShHAG/Z,X)/F')^^^ is rational. 

Proof. Assume that ljj = X^crejii}'- '^<y'^*a^v2 ^ ®a<^{±iY *-'C('^v2 ® 1) (where Xa £ C) is such 
that 0gpr*(a;) = 0. We have the following equalities : 



g^V2 



Thus 



and 



Va e {±1}'- A,<>^, = 0. 
Hence Vti S |±1|' e 0. The map -Sv . 1 rr rr ^oPi'n commutes with T!u, v <i S 

*- -* ^ ^-^g^B^ s.t. (; ^ HigCH2 ^ g t> ? 7- 

and is an isomorphism Ct* w,^2 -J' 0Ci*a;^j. Hence G (©o-e{±i}- ® 1) 
F'-H^^{ShH,iG/Z,X)/F')^^'> is rational. 



□ 
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4. TORIC ORBITS 

Let K/ F he a. quadratic extension satisfying the following properties : 

(1) The places r2, . . . , of F are split in K . 

(2) The places ri, r^+i, . . . ,Td are ramified in K. 

Thanks to the Skolem-Nocther theorem, there exists an i^-embedding q : K B, unique up to 
conjugacy. We will denote by qj (resp. g, qa) the induced embedding K ^ (resp. K ^ B, 
A'a ^ -Ba)- For each place v of F, set Ky = K (^p Fy. 

4.1. Cycles on X. Let T = Resx/Q(Gm)/Res^/Q(G,„). Thanks to Hilbert's Theorem 90 we have 

T{A)^iK®ciAr/iF®ci Ar 

for every Q-algebra A. 

Fix an embedding q : T ^ G/Z{G). The group T(R) is identified with Yl^i^^JK^^ which 
allows us to define qj : K^./F^. — > Gj,ii- 

Let 7ro(T(R)) be the set of connected components of T(R) and denote by T(R)° the component 
of the identity. Fix a multi-orientation on r(R)° = Y[j=ii-^Tj / -^Tj)° (i-^- orientation of each 
factor {K^J F^^°) and remark that 

r 

7ro(r(R)) = T(R)/r(R)°c.n{±l}- 

We will focus on the orbits in X under the action of q{T{TV)°) by conjugation. 

Proposition 4.1.1. Let he an orbit o/g(T(R)°) in X. Then S'" decomposes into a product 
of orbits in Xj under qj{T{'R.)°) and is multi- oriented. 

Proof. The first part of this assertion follows from the natural decomposition X = Xi y. . . . Xr. 
The orbit ^° decomposes into orbits under qj{{K^J F^.)°). For j = 1, qj{{K^jF^^y) ~ or a 
point and the orientation does not change. For j G {2, . . . ,r}, qj{{K^. / F^'.)°) ~ R^. The action 
of R^ on itself by multiplication does not change the orientation. Hence the multi-orientation 
induced on ^° by r(R)° is well-defined. 

□ 

In the following sections we shall fix some g(T(R)°)-orbit ,'7° whose projection on Xi is a point. 

Proposition 4.1.2. is a connected multi- oriented submanifold of real dimension r — 1. 

Proof. Recall that is decomposed as 5^° = {zi}x^x---x^. Fix x & X such that 
^° = q(r(R)° • X. Then for j G {2, . . . ,r} we have = qj{{K^J F^^)°) ■ pr^(a;). The group 
qj{{K^./ F^'.)°) is naturally identified with R^ and ^ is a connected oriented manifold of real 
dimension one. 

□ 

As a corollary, we have the following decomposition : 

.3^° = {zi} X 72 X • • • X 

when zi is one of the two fixed points in the action of qi{T(R)°) on Xi and 7j is an oriented 
connected submanifold of real dimension one in Xj. 

When we use the identification of X with (C \ R)'', the action of T(R) on X by conjugation is 
an action of PGL2(R) on (C \ R)'' by homography. Let z £ K \ F. For j e {2, . . . , r} the matrix 
qj{z) is hyperbolic with exactly two fixed points in P^(R), Zj and Zj. The manifold jj is then a 
circle arc in the Poincare upper half-plane joining Zj to z'j (or a line if = oo). Figure 1 gives 
some examples of what could the 7jS be in the case of circle arcs. 



DAEMON'S POINTS AND QUATERNIONIC SHIMURA VARIETIES 



11 




Figure 1. Case of circle arcs. 

4.2. Tori on ShH(G/Z, X)(C). Let b e B"" . We will denote by 5^° the following subset of 
ShH{G/Z,X){C) 

Proposition 4.2.1. is an oriented torus of real dimension r — 1. 
Proof. Let x,x' G and b e B^; we know that 

[x, b]^^, ^ [x', b]^^, 3k e and h e HF'' {kx' , kbh) ^ (a-, b) 

^3k e B"" nbHF'^b^'^ kx'^x 

Since the projection of 5^° on Xi is a point, we have k E B qi{Kri) = Qi{K) and 

fee q{K'^)r\bHF"'b-^. 

Thus the stabilizer W of =5^° under the action of q{K^) is 

W = q{K'')nibHF''b-^) 

which is commensurable with _^ / Op . This quotient has rank r — 1 over Z as a consequence of 
Dirichlct's units theorem : 

O^^/O^ - torsion X Z^-^ 

and the torsion is finite. The action of r(R)° on 3^° is given by nj=2(-^r^/-^r^)° ^^'^ there is an 
isomorphism 

f[iK:^jF:^^r^K^-\ 

The image O of ^/Op in R*"^^ is isomorphic to Z" with s < r — 1. Denote by the image 
of in {K (g)Tiy'' '-^'</<^=\ As 

n KVF.^. and (^^^l"'^"^^^ 

i^{2,...,r} '-'k 

are compact, IV~^/0 is compact. Thus, the image of ^/Op in R''"'^ is a lattice. 
The set ,3^° is a principal homogeneous space under 

It is a real torus in ShniG/Z, X){C) of dimension r — 1, which is oriented by the fixed multi- 
orientation on S^°. 

a 



For each u G 7ro(T(R)) and & G -B"" let 

^,"^{[q{u)-x,b]^-^, XG^°} 



It is a real oriented torus of dimension r — 1. 
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Proposition 4.2.2. The set 

{,%^ I 6GB^ uenoiTiR))} 
does not depend on the choice of q : K ^ B. 

Proof. Let q : K ^ B he another embedding. Thanks to the Skolem-Noether theorem there exists 
a E B^ such that 

yk £ K q{k) = aq{k)a^^ . 

Let xo € X, and assume that ^° ^ q{T(R)°) ■ xq. We have ^° q{T(R)°) ■ a{xo) = a ■ and 
for each u e 7ro(r(R)) 

a ■ q{u) ■ .9° = g(wr(R)°) • a • xq. 
Let b e B^ . As a e B^ we have 



The map h i— >■ a~^h is a bijection. Thus 

{^b", e 7ro(T(R))} = {^", 6 e B^ «e^o(T(R))}. 

□ 

Action of G&\{K^^^ / K) . Let us denote by K^"" the maximal abehan extension of K and by recx '■ 
K^/K^ — Ga\{K^^ / K) the reciprocity map normahzed by letting uniformizers correspond to 
geometric Frobenius elements. 

The group acts on {^j," | & e , u G 7ro(T(R))} by 

Va = (ooo, a/) € /^X = x A'^ V6 G B^ a • = 

g(a/)& 

The action of k e A'^ is trivial; as q{k) G B^ , the definition of Sh/f (G/Z, X)(C) gives: 
k-.%- = [q{k)q{u)^°,q{k)b]j,p^ = [g(u)^°, 6]^^, = 

The action of is trivial. For a = (aoo,a/) G ^'^'^ ^ ^ ^i^f)^ ~ bq{af) and 

g(aoo)(7(it)'5^° = q{u)J'° hence 

4.3. Special cycles on Shi/(G'/Z, X)(C). In this section we construct some r-chain on Sh^f (G/Z, X){C). 
Proposition 4.3.1. The homology class e Hr-i{ShH{G/Z,X){C),Z) of ^° is torsion. 
Proof. Let us denote by pr the map 

pr : X X {6} — ^ ShniG/Z, X){C). 

is in the image of pr and 

pr-i(5',°) = ({zi}x72X...X7,)x{6}. 

Let ll! e H^^^{ShH{G/Z, X){C), C). Thanks to the Matsushima-Shimura theorem, cu ~ Wuniv + 
ojcusp- As 7' — 1 7^ r wc know that lo = Wuniv 

• If r - 1 is odd, then iJ'-i(Sh^/(G/Z, X)(C), C) ^ {0}. 

• If r — 1 = 2s is even, w is the pull-back of Aj=2 where 

(7) 1 A dyj 

^u) = X or — ^-^5 — -. 

With the notations of the proof of Proposition 4.2.1, 5^° is a principal homogeneous space 
under W . Fix a fundamental domain #' of in 72 x • • • x 7r. The incompatibility of 
degrees gives 

uj= (j'^'i /\ ■ ■ ■ A uj^'''> =0, 
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\fuj e H'-\ShHiG/Z,X){C),C) [ 

J 3 



w = 0. 

This proves that = e Hr{?>\^H{G/Z,X){C),C) and [^°] G H^(ShH(G/Z, X)(C), Z) is 

torsion. 

□ 

Definition 4.3.2. Let n € Z>o be the exponent of i/r_i(Shi/(G/Z, X)(C), Z)tors- Then 

for some piece- wise differentiable r-ehain A|J. 
Proposition 3.2.1 proves that the value of 



modulo Ai does not depend on the particular choice of A|J. If T(R)° is fixed, then wc have the 
following proposition. 

Proposition 4.3.3. Let 3^° and he two special cycles such that pri{3°) ~ pri{3'°) = 
{zi}. Assume that j>Tj{£^°) and pTj{3^'°) lie in the same connected component of Xj for each 
j G {2, . . . ,r}. Let n he the exponent of Hr-iiShniG/Z, X){C),7i)toi-s o-nd let AjJ and AJ," satisfy 

7i[^fc°] = 9A^ and n[3r^°] = c)A[,°. 

Then we have 



f = / c.^ (mod r'a-'n^^,). 
Ja? Ja'° 



Proof. Our hypothesis allows us to decompose A'^ — A^ into 

A[,°-A^ = pr({zi}xC) + 2?, 
where I? is a cycle with dV — and pr is the map 

X ShH{G/Z,X){C) 



pr : 



X I — > [X, b] 



HF> 




Let us show that /^,o_^o w;^ G ^"^a'^fi^Ai. 
We have 

^^ = E^^e r(Shff(G/z,x)(c),(f7|,"r), 

e e:{ri,...,T,}^{±l}- 
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Each uje e r(ShH(G/Z,X)(C), satisfies 

pr*(ijJe) = dzi A Lo'^ 

We have 



/ 

Jpr({zi}> 



dzi A w' = 0, 



^xc) J{2i}xc 
thus 

Thanks to Proposition 3.2.1 we have 

JV 

and the result follows. □ 



Corollary 4.3.4. The value modulo Ai of 



depends neither on the choice of whose projection on Xi is {zi} nor on AjJ satisfying n[^^^] ~ 

Definition 4.3.5. We set jf = -^^a j^o^^ (mod Ai) € C/Ai, the image of by an exotic 
Abcl-Jacobi map. 

Properties of jj^ . For each u £ 7ro(T(R)) let be some piece- wise differentiable chain satisfying 



dA 



b ■ 



Proposition 4.3.6. We have 

Proof. Let us identify 7ro(T(R)) with nj=2{^l} ^^"^ assume that the image of r(R)° is (1, ... , 1). 
Then 

«e7ro(T(R)) 

The chains t^AIJ and A^ arc in the same connected component. Thus using 4.3.3, we have 



and the result follows. 

□ 

Recall that zi e Xi is fixed by q{K^J. 

Proposition 4.3.7. Let Sr° and Sr'° he two q{T{Ii)°)- orbits such that pii{^°) = pri(^'°) = 
{zi}. There exists a unique u € 7ro(r(R)) such that, for all j G {2, . . . , r}, 

pr^ (^'°) and pi-(g(u) • 



are in the same connected component of X 

le 



'■3 ■ 

If Jif S C/Ai denotes the value obtained from , we have 



DAEMON'S POINTS AND QUATERNIONIC SHIMURA VARIETIES 



15 



Proof. Let x,x' € X be such that ^° = g(T(R)°) • x (resp. = g(r(R)°) • x'). There exists 
u G 7ro(T(R)) such that for all j G {1, . . . ,r}, pTj{q{u) ■ x) and pTj(x') arc in the same connected 
component of Xj. As 3^'° = q{u) ■ the chain A'^ whose boundary up to torsion is [^'° , ^l^^-x , 
equals A^. Thus 

E /^(^') / , , = E /^(^') / ,^^ = E / „ 

M'e7i-o(T(R)) -^-^b" «'e7ro(T(R)) ^b" «"G7ro(T(R)) 



□ 



Let q,q' : K B be two embeddings and x e X, 3'° = q(r(R)°)-x (resp. ^ q'(r(R)°)-a;'). 
There exists a & such that 

q' = aqa~^ 

thanks to the Skolem-Noether theorem. For each j S {1, . . . ,r}, prj(^°) and pij{3'°) are in the 
same connected component of Xj if and only if rj(nr(a)) > 0. 
Using 4.3.7 we obtain 

Proposition 4.3.8. // 

(sgno Tj (nr(a)))jg{i r} & {±1}''"\ 

then 

=/3(a)jf. 

Let NBx(isr^) be the normalizer of A'^ in B^. Let a e Ngy ^K^' ) \ K^. After multiplying a 
by an element in we may assume 

Vje{2,...,r} r,(nr(a))>0. 

We have 
and 

V7e{2,...,r} pr^.(g(a)-^°)=:pi-(^°) 

but the orientations of prj{q{a) ■ ,^°) and pr^(^°) are not the same. 
Thus 

[t,3\b]^-, = [q{a)3\b]^^^ = [3r\q{a)-'b]^-^, 
but the orientations differ by (—1)'"^^. Hence 

Proposition 4.3.9. The tori ,%° and ti-^ are the same up to orientation. 

q(a)b 

5. Generalized Daemon's points 

5.1. The main conjecture. Let $i : C/Ai Ei{C) be the Wcierstrass uniformization; i.e. the 
inverse of (f>i is the Abel-Jacobi map for the differential ryi. For each a^o € fix some r-chain 
q{aoo) ■ satisfying n[q{aoo) ■ = q(a.oo) ■ and denote by /3(aoo) the following sign 

/3(aoo) = n sgn Y[ '^oo.w 

3=2 \ \w\r, 

Conjecture 5.1.1. The point 
lies in E{K^^) and 



Va = (floo, a/) e K"^ reCi^(a)Pf = $i 



q{af)b 
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Remark 5.1.2. The choice of zi £ X^^^ fixes a morphism hi : S — > Gi r, hence a morphism 
= S(R) — ^ Gi,r(R) = B^^ = {B ®F^r^ 'RV satisfying /ii(C^) = gi(A7J. This fixes an 
embedding ti^k : K ^ C such that the following diagram 



commutes. We may fix fi : 



ab 




{K®F,T^ R)' 

C above ti , such that 




commutes. Moreover the isomorphism 



Gal(fi(/v-b)/Ti,K(^^)) 

f 1 O (T O fj^ 



does not depend on the choice of fi. If f( is another embedding above ti^Ki then f( = fi o ct' with 
cr' e GaX{K'''°/K) and 

Vcr e Gal(A:^''/A:) f{ o o- o f{ n o crVcr' o ff ^ = fi o cr o ff ^ 

because Gal(A'^'^/A') is commutative. Hence the Galois action of 5.1.1 docs not depend on the 
particular choice of fi . 



Remark 5.1.3. Using conjecture 5.1.1, we obtain 



rec/f (aoo)ff 



Va e f: 



5.2. Field of definition. Let B^ = {h £ B^ \ Vj G {2, . . . ,r}, T, (nr(6)) > 0}. It is diagonally 
embedded in (i? (g) R) ^ . Set 

Note that A'b and A',^ depend on the choice of q : K B. 
Proposition 5.2.1. The point Pj^ is defined over : G E{K^). 

Proof. Let a ^ {loo,bhfb~^){aoo, If) e qp^{hHF''b-^Bl) with / £ F>< and G H. We have 
rec(a)n'' = vcc{q-^\{l^,bhfh-'))Pi! = P^^j,_,^ = P^, = Pf* 



Remark that rec^ induces a surjection 

n : ^o(r(R)) = (-^ ^Q R)'' ^ ^ fT{±l} ^ Gal(A-+/A-,,). 

°^ ^ " (F®QR)x(i^®QR)!^ ^ V 6/ b; 



□ 



Thus, we have 

Proposition 5.2.2. The points lie in Aff = (A'+)'^(k« 



Remark 5.2.3. As Ker/3 has index 2 in nj=2{^l}' ^^'^ ?ic\d has degree 1 or 2 over ATb 
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Assume that the conductor N oi E decomposes as = N+N^ with = pi . . . pt, distmct 
prime ideals of Op and t = d — r mod 2. If Ram(i3) = {Tr+i, . . . , r^} U {pi, . . . ,pt} and H = 
(R (E)z Z)^ where i? C .B is an Eichler order of level A^+, then Kj, is a ring class field of conductor 
fb and Kj^ a ring class field of conductor ffcfoo, where foo = nj^=2 Tj- 

5.3. Local invariants of B. Let tt be the irreductible automorphic representation of generated 
by (f and 

r,K = Vk/f ■■ F^/F^Nk/p{K^) {±1} 
the quadratic character of K/F. For each place u of let mVy{By) E {±1} be the invariant of B: 
in.Vy{By) = 1 if and only if By ~ M2[Fy). 
Fix b £ B^ and a character 

X : Gal(ir+/i^) ^ C^ 

which will be identified with 

"-^ Ga\(K^^'/K) G&\{K+/K) C^. 

Let L(7r x x, s) be the Rankin-Selberg L function, see [Jac72] page 132 and [JL70] section 12. 
This function admits, since tt has trivial central character, a holomorphic extension to C satisfying 

L{Tr X X, s) e(7r x x, s)L{tt x x, 1 - s). 

In this section, we prove the following 

Proposition 5.3.1. Let b G B^ and assume conjecture 5.1.1. If 

ex(n^) = E ® Pb e E{K+) ® Z[x] 

creGal(K+/_fS-) 

is not torsion, then j3 = Xoo; 

Vw 7^ Ti ??_ftr,t,(-l)£(7r,„ X Xd, ^) = inv„(i3i,) and e(7r x x, ^) = -1- 
We shall use the following theorem ([Tun83] and [Sai93]). 

Theorem 5.3.2. The equality riK,v{—^)£{T^v x Xv, ^) = inVu(i?„) holds if and only if there exists 
a non-zero invariant linear form 

iy : TTy X X« ^ C 

unique up to a scalar satisfying 

Va e Ky Vw e TTy £y{qy{a)u) ~ Xv{a)~^^v{u) 
i.e. £y is q{K^) -invariant. 

Proof, (of Proposition 5.3.1) We follow the proof of [ANIO], Proposition 2.6.2. 

Let S' be a finite set of finite places of F containing the places where B, n or / F ramify, 
and such that the map r = {ry : — > Ga\{Kj^ / K))y^s' obtained by composition 

r : n ^-"^ — ^ Gal(A'"V-?^) ^ Gal(A+/i^) 

is surjective. 

For each v <E S' let 

. ( Ky ^ By 

^"■\ k ^ b-^qy{k)by 

and 

J = {jv)ves' ■■ n ^ n 

ves' v£S' 
As S' does not contain any archimedean place of F, 

Va e n K [^°,q{a)b]^p.^ ^ ,bj{a)]^^^ 

and 

Va e n V6 e Bx recK(a)Pf = P| = Pj^^^^y 
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Let {K^)° C K^^ be the inverse image of {K^ /O^J^''^'^^^^^ C K^/O^,^. 
We have 

if ?j is inert in K/F 

K/'^K,vK { Z/2Z if V ramifies in K/F 
Z if spHts in K/F, 



the quotient {K^)° /F^ is compact and 

-.^K^/iK^r 

{K^r/OIF- ^ 



Z if w spUts in K/F 
otherwise, 



Z/2Z if V ramifies in K/F 
otherwise. 



For each v G 5', C„ = O^^ n Ker(r^) is an open subgroup of O^^ and V° = {K^)°/F.//C^ is 
finite. 

Let K, be the following subset of K^ / F^ C.„ : 

• if w does not split in K/F, V° = K^ /F^C^ and K := 1/°. 

• If w splits in K/F, we fix some section of K^ -» K^ /{K^)° Z. Hence if^ = 
{K^)° X D„ and there exists n„ > 1 such that Ker(rt, \d^) = n^D^. 

Fix a set of representatives C Dy of Dy/n^Dy and set K, = K°^ti ^"^^ /F/^Cy. 
Let F = rit.es' ^ WveS' / F^ Cy, which is stable under multiphcation by the abelian 
group V° = n.„gs' K° and such that V ^ Yl^^s' I Fv A GaX{K+ / K) is surjcctive with 
fibers of cardinality ^ ,}YX ■ We have 



|Gal(i.-/i^)l ^ ^ ~ |Gal(i.,Vi^)l 



Fix some open-compact subgroup Hi C Haey ^- Using the maps 



we have 



ShHAG/Z,X) Sh,(,)-i^^,(,)(G/Z,X) ^ ShH(G/Z,X), 



aeV '^bj(a) aev 



A? 



where 



Whenever ^l^e-(pf ) = J^aev x(«) ® <(a) ^ Z[x] ®z C Z[x] ®z C/Ai is not 



torsion, there exists u : Z[x] ^ C such that 



where '^x = ° X- The vector 

V = Y,''x{a)[j{a)]*uj^ e 7r"'nT{ShHAG/Z,X),nHj 
aev 

is non-zero and invariant under jdlwes'l-^'^^jj')")- Moreover, 

Vaen(^C)° Jia)ui^^x-\a)ui. 



ves' 
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Let 

"^S' : (g) - (g) 7r„ ^ C("x~') 

ves' ves' 

be the j{Yl^^g, {K^)°)-mvana.n.t projection on Cwi. 

Assume that v € S' does not spht in K. In this case {K^)° = and '^^s' induces a qy{K^)- 
invariant hnear form °'£„ : 7r„ — >• CC^x"^). We have '^(vi^^i.v) 7^ 0, where 

wi,« = ^ ''xo ^^;(a^;)[■j^;(a^;)]*Wy■ 
As et,(7r^ x'^Xi': 5) is independent of a : Z[x] ^ C, Theorem 5.3.2 shows that 

Vk,v{-^)£{t^v X Xv, ^) = mVy{By). 
When V £ S' sphts in K or v ^ S' U Soo , the equahty 

'nK.v{-i)£{T^v X Xf 1 ^) = 1 = invi,(i?i,) 

follows from calculations which may be found for example in [Nek06] Proposition 12.6.2.4. 
Global sign. If u = Tj is an archimcdean place, then e(7r„ x Xwj 5) = 1- Moreover r/A',u(~l) = 
1 if and only if j e {2, . . . , r} and inv„(i?i,) = 1 if and only if j € {!,..., r}. Thus 

f?if,t>(-l)hiv„(Su) 

and 

\/j e {1, . . . ,d} £i,(7r„ X Xi,, 

Hence 

□ 

5.4. Global invariant linear form and a conjectural Gross-Zagier formula. For any open 
subgroup H' C H, b & B"" and u e 7ro(T(R)) fix A^, f, e C"'(Shff (G/Z, X)(C), Q) such that 
9A^,_, = [J-^,^,], where , = 6]^,^;, , x S ^°}. 

Recall that 

Let TToo be the archimedean part of tt. Fix (pco G ti'oo a lowest weight vector of weight 
(2, . . . , 2,0, . . . ,0) of TToo and uj^ such that = v^oo ® </5/ G tToo ® tt/ C 82(3^). 

r 

Let us denote by qtt/ the sub Q[-B^]-module of iTf generated by ipf. 

Proposition 5.4.1. The space qTTy is a (^-vector space and qtt/ (g)Q C — > nf is surjective. 

Proof. The space Im(Q7r/ (8q C — )■ Try) is a zero subvector space of Try invariant under B^. As Try 
is irreducible, we have Im(QTry (K)q C— >Tr/) = Try and qTry (K)q C — > Try is surjective. □ 

Fix 77 7^ e H°{E, VLe/f)- There exists a G F'"" such that 

/{auj^) ^ 77. 

Fix a continuous character of finite order x ■ K^/ — > Z[x]^ ■ Let H' C H he any open 
compact subgroup of i?^ satisfying x {lA^i^'F^)) = 1. Assume that there exists bo & 13^ such 
that b^^H'bo C if. Let pr^^ be the map ShH'{G/Z,X) -> ShH{G/Z,X) defined on complex 
points by 



-1x1 ifj = l 
1x1 if j e {2, . . . ,r} 

-1 X -1 



'?x,t.(-l)inv„(B„) X 



-1 if j = 1 
1 ifj>l. 
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Proposition 5.4.2. //5q ^Wh^ C U for some bo G , then 

yz' eC''{ShH'{G/Z,X)(C),Z) f pYl{w^^)eCla-'n^^Ai 

Jz' 

Proof. Let Z = prfc^,(Z') £ C"'(ShH(G/Z, X)(C), Z). Wc have 

/ prluj^- = deg(pr,^, : Z' ^ Z) [ 
Jz' Jz 

Thanks to Proposition 3.3.3, wc have e Qa'^fi'^^^Ai hence J^, pr^^a;^=^ G Qa^^il^^Ai. 

a 

Denote by pr : ShH'{G/Z,X) — > ShH{G/Z,X) the natural projection, and by {K (E) R) + 
the set of elements in {K (E) R)^ whose norm to F is positive at each place of F. We have 

7ro(r(R)) = (i?^gfg^- 
The following formula 

^x(^') = -— — — — J - E x{a)E>f Lo' (modQ(x)®QQa-il7'^-Ai) 

where 31^'^°'^ — [5^*^°^-' 1, is independent of the specific choice of A'^'^SS'' : we can assume 

H',q{a,) ^ H'^qiaf)'' ^ ^ ^ H',q{af) 

that cj' = pr^^(w^) for some bg e ; decompose each a G K^/ {H' F^){K (g) R)^ as a = 
(a/, loo)(l/, floo)- Remark that 

hence a/ € k"" /q^^{H'F'^) and G (A' ® R)='/(ii: ® R)!^. 
Thanks to Proposition 5.4.2, the following formula 



E Xoo(aoo) / , , '^'= E Xoo(aoo) / t,(a^,)prj^,cj^ 

— JA*^ — ^A ^ 

= [ uj^'^ (mod Qa^ifl^- Ai) 

JA ^ 



/A 



does not depend on the specific choice of A''^° 



Thus, the expression of £xi'^') a-bove defines a linear form 

: n Q[i?^]tJ^ Q(x) ®q (C/Qa-irj'^-Ai). 
To simplify the notations, let 

5h',h = deg(^H^,, ^ ,^H,b) and VF^. = K^/q^\H'Fl){K ® R)! 

Thus 

Proposition 5.4.3. (1) Let H" <Z H' G H be open compact subgroups such that x{qp^{H' F^)) = 1 
and pr* the map pr* : Sf (B^) — > S§" {BX). 

If oj' G S2 (Ba) ^ Q[B^]i^ip, then i^i'^') ~ ^x(P''*('^')) '^'^'^ defines a linear form on 
(2) We have 

Va e A'^ Vcj e Q[i?^]w<^ ^x([-9(a/)]*w) = x/(a)-^^x('*^)- 
r-^J IfX factors through Gal{K+/K) and if Pj^ = $1 J^^ ^ cj^) (g) 1 e C/QAj, then 

^xiPb^) - E ^(^) ® ^(^&''°°) ^ ®Q ^(^C) C Q(x) ®Q (C/QAi) 
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equals ^i{£^{[-b]*ujip)), up to a non-zero rational factor. 
Proof. Proof of 1. Let a e . We have pr(A^„ ;^(^^)) = A^, ^^^^^ and 

/ pr*a;' = Aeg{,^H" ,b — > ^h- ,b) / w' = 5h",h' I w'. 

As xilA'iH'F^)) 1, we have (thanks to Proposition 5.4.2) 

e^{w*oj') = , \ X{a)® I ^ prV (modQ(x)®QQa-iC!>^~Ai) 



^-El^ y x{a)® I w' (mod Q(Y)®QQa-ir!>^~Ai) 

E ^ ^''Wa) « /^,,_, (modQ(x)^QQa-^f^-A,) 



E ^' (modQ(x)®QQa-^C!'^~Ai) 



H H',q(af) 



Proof of 2. Assume i/" is sufficiently small such that [■q{af)]*pr*uj e 5*1^ . We have 
i^i[-qiaf)ru:)^i^i[-qiaf)rpr*uj) 

E RW^Pr*^ (modQ(x)®QQa-if}>^~Ai) 



1 


[H: 






1 


[H: 






1 



(mod Q(x) «)Q Qa^'ri^^Ai) 



" H".q(aa') 



[H:H"]5h".h „^ 



ff".5(a") 



= X/(q)~ \^.^L^^^^ E ® ^,(.'4) P'*^ (modQ(x)®QQa-ir!>^-Ai) 

= X/(a)~^^x(pi"*w) 
= X/(a)-^^xH 

Proof of 3. As bJ^p G 82(3^) = 5|^(i?^), there exists iJ' sufficiently small such that 

uj^eSf and [-bYuj^ e S.f . 
Let m = [Kl/q^\H'Fl){K ® R)^ : Gal(A'+/i^)] and = ;g^g,]deg(^^,-^^^) ■ We have : 
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i^{o[-b]*uj^) = f V X/(a/)Xoo(aoo)® / i-bYuj^ (mod Q(x) ®q Qa ^^^'^"^ Ai) 



/A" 



^^Xf{af)'S)^Xoo{aoo)recKiaf) ■ t,^CK{a^)^v {mod Q{x) '^q Qa Ai) 

as ''^H',b 

X{(^)® 1 ^Xoa{aoo%ecK{a^)'^v (mod Q (x) (8)Q Qa" ^ fJ'^" Ai ) 

vm ^ / a;^~ (mod Q(x) «)q Qa"^f^^~Ai), 



<TeGal(if+/if) 



tj6Gal(/<-+/X) 



hence 



□ 



Let us consider the Neron-Tate height /int : E{K ) x E{K ) — > R extended to an hcrmitian 
form 

/iNT : EiK""^) (g)Cx EiK""^) (g) C — ^ C. 

Recah the condition 

(2) Vw 7^ Ti £(7r„ X Xv, ^)VK,v{-l) = inv„(B) 

from Proposition 5.3.2: if 2 fails, then P^°^ £ E{K^^) is torsion. 
In general, there should be some k{b,oj^) E C such that 



Va : Q(x) C h^T{e^{P^-)) - k{b,uj^)L' {tt x ^x, tt)' 



1 
2 

as in Gross-Zagier, Zhang and Yuan-Zhang-Zhang [GZ86, ZhaOl, YZZ09]. 
This formula explains the following conjecture : 

Conjecture 5.4.4. Let = (A'^'^)^'^'''^^ be the extension of K trivializing x- If 

Vu 7^ Ti e{Try X x«, ^)?7/<',^;(-l) = inv„(B), 
then there exists b E such that k(b,uj^) ^ and we have the following equivalences : 

i^^O 3b e such that C and eY{P^°° ) & Z[x] <E) E{K^) is not torsion 
^3a:Q(x)-^C L'(7r x ^x, ^) ^ 

^Va:Q(x)-^C L'(7rx-x,^)7^0. 

6. A RELATION TO KuDLA'S PROGRAM 

The theorem of Gross-Kohnen-Zagier asserts that the positions of the traces to Q of classical 
Heegner points are given by the Fourier coefficients of some Jacobi form. The geometric proof 
of Zagier explained for example in [Zag85] has been recently generalized by Yuan, Zhang and 
Zhang in [YZZ09] using a result of Kudla-Millson [KM90] . In this section we establish a relation 
between Darmon's construction and Kudla's program. This is a first step in an attempt to apply 
the arguments of Zagier [Zag85] and Yuan-Zhang and Zhang's [YZZ09] to Darmon's points. 
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6.1. Some computations. Let us fix a modular elliptic curve E/F oi conductor N = 
Assume Ram(i3) = {^r+i, . . . ,Trf} U {v \ A^-} and that the quadratic extension K/F satisfies the 
following hypothesis 

Vu I Nj^ splits in K Vw I is inert in K. 
In particular, the relative discriminant rf/^/j? is prime to N . Let R be an Eichler order of B of 
level N^. Identify K with its image in _B by g and assume K O R ^ Ok, H ^ R^ (which implies 
that dimTTy^ = !)• 

Recall that h^^ defines an embedding ti.a' '■ K ^ C and denote by c the non-trivial element of 
Gal(A7-F). Assume that Conjecture 5.1.1 is true for ^ = 1 and let P = Tr^+^^^Pi e E{K). 

Proposition 6.1.1. If e is the global sign of E/F, i.e. K{E/F,s) — eA{E/F,2 — s), where A is 
the completed L-function of E/F, then c{P) = —eP. 

Proof. Assume that K = F{i) and B = K{j), with = a £ F^ , = b £ F^ and ij = —ji. 
Recall that 

with 3'° = {zi\ X 72 X • • • X Thus 

c(^i°) = [{tizi} X 72 X • • • X 7,, 1]^^, = {-iy-^[i-\^^°), 1]hf^ 

and 

c(^i°) = (-ir-M=^°,j]^^x 

since j € B'^ . This shows that c(Pi) = {—ly^'^Pj. We will write Pj using only Pi. We 
will make the following abuse of language. For each place v of F, jy shall denote the element 
(1, . . . , 1, jy , 1 . . . ) G B^ and we will use the following lemma 

V 

Lemma 6.1.2. Let b e B^ and v a place of F. When v \ N^, set ky e corresponding to 

( ord I; where rUy is an uniformizer of Ky. If by = 1, then 

\0 Wy 

r -SyPb iff|iV_ 

Pbj^ = <^ £„recif (fc-i)Pfc if t. I A^+ 
[ Pb iiv\N 

Proof, (of the lemma) 

For each v inert in K/F we have 

mVy{B) = 1 ^ By ~ AhiFy) 

^beNKjFj.K)^O^^Fy^^ 

^ 2 I ord„(b) 

As j = —J, we have nr(j) = — = — b and 

iiiVy{B) = 1 2 I ord„(nr(j„)). 

If V I then Hy = , where Ob^ is the unique maximal order in By hence Hy <] By and 
By /Hy ~ Z by chosing some uniformizer. As Hy is normal in By , the map 

[■jy] : ShH(G/Z,X){C) ^ Sh^.-i^^.JG/Z,A)(C) 
is well-defined on Shif(G/Z, A)(C). Thus [3°,bjy]jjp^ = [■jy][3° ,b]jjp^ and 

A°. J A? Ja° 

ojv o b 

Decompose tt 7r((^) = <E)yTTy. We have 

TTy : B^ -^Py-^Z^ Z/2Z ^ {±1}. 
Let us denote by a the following unramified character 

a:Fy^Z^ Z/2Z ^ {±1} 
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satisfying iTy — a o m:. 

As V I N^, E has multiplicative reduction in v. The character a is trivial if and only if E has split 
multiplicative reduction in w, i.e. = —1. 
Hence 



uj^p if a = 1 



= = I (:'i)o..d„(„..(,))^^ otherwise. 

As V I iV_, u e Ram(i3) is inert in K/F and invu(i3) = —1, thus 2 f ordi,(nr(j)). Hence 



= Q;(nr(ji,))a;y 



if a = 1 

— cj^ = —e^i^^p otherwise 



and Pbj^. ~ —EyPb- 

If V I A^-i- . then we fix some uniformizer Wy of Fy and an isomorphism By ~ M2 {Fy ) which identifies 
Ky with the set of diagonal matrices and Ry with ^'^ ^) ^ ^-'^2(Cf,i;) 137™'^"^^+'' | c 

As invi,(i3t,) = 1, jt, is a local norm. There exists ky € Ky such that j,j = N;^^ /^^ We may 
assume that j.^ = 1. Moreover jy is in the normalizer of in we thus identify jy to ( ^ 

Set 

This matrix is in the normalizer of Ry in By. As normalize i?u, 

l^°,bjy]HP. ^[.7°,bk-'Wy]^p, =[.Wy][^'',bk-']^P^. 

Decompose = ®y\N ® where ujy satisfies[-VF„]*a;i, — EyUjy; then 



□ 



A?. Ja° , 

As 6„ = 1, 

Pbj,. = et,recif (fc;7^)Ph. 
If w -j" A'^. then by a similar calculation we obtain 

Pbj^ = recK{ky^)Pb. 

End of the proof of Proposition 6.1.1. Lemma 6.1.2 implies that 

c(Fi) - (-l)'-i n (-^") n £..rec^f (fc-i)Pi 

and 

Va G c(recK(a)Pi) = (-l)"^"' [] ("^") 11 ^^rcc^f (fc-i)recK(a)Pi. 

u 1 7V_ u 1 7V+ 

As P e we know that recK(fc^^)-P = P- Thus 

(3) c(p) = (-i)"--! n (--^-) n = (_i)'-i(_i)i{"iA'-}i Y[ syP 

v\N- v\ v]cx> 

We have to show that (— 1)*^"^ nt)|Af_ ("^u) nu|Af+ = — £• For each w | 00 we have Sy = —1. 
Since nt;|oo ~ the sign in equation (3) is 

(-i)^n^-(-ir'(-i)'^""^"^' 

V 

—s 

Recall that {v \ N^} = Ram(_B) n 5/. As |Ram(B)| is even, we have 
Hence 

c(P) = (-l)''e(-l)''-i(-l)l^^l'^->lp = -sP. 
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□ 

Remark 6.1.3. The above computations are a particular case of a result of Prasad, [Pra96] The- 
orem 4, which asserts that if Hom^x (tt^,, 1) ^ {0}, then the non trivial element in N^x {K^)\K^ 
acts on Hom^x {tTu, 1) by multiplication by mVy{B)ey ~ mVy{B)e{Try, i) G {±1}- 

6.2. Orthogonal Shimura manifolds. Until the end of this paper we shall assume /ij = 1. 

Let us recall some definitions used by Kudla [Kud97] in the particular case r ~ 1. Let n S Z>o 
and let (V, Q) be a quadratic space over F of dimension n + 2. We assume that the signature of 
V(S'F,T, R is 

(n, 2)x{n + 1, X (n + 2, 0)''-''. 

Denote by D the symmetric space of G = Resj?/QGSpin(F). D is the product of the oriented 
symmetric spaces oi Vj = V ®Tj,F R- Thus D = Di x . . . Dd, where Dj is the set of oriented 
positive subspaces in Vj of maximal dimension. For each x Cz V let xj be the image of x in 
Vj. Assume that Q{x) is totally positive. Set Vx — x^, Gx = Res^/QGSpin(14) and for each 

j e {!,... ,d} 

Dxj ^ {z e Dj z ± Xj}. 
We shall focus on the following real cycle on the Shimura manifold G{Q)\D x G{Q,)/H. 

Definition 6.2.1. Let H be an open compact subgroup in G(Q) and g G G(Q). The cycle 
Z{x^ g; H) is defined to be the image of the map 



Z{x,g-H) 



Gx{Q)\DxxGxiQ)/Hi G{Q)\DxG{Q)/H 
GxiQ)iy.u)H3 ^ G{Q){y,ug)HF^, 



where iJ| denotes Gx{Q) n gHg^^. 

Example (including Proposition 6.2.2) : Fix Dq G F satisfying 

T,iDo)>0 if jG{l,r + l,...,d} 
T,{Do)<0 if jG{2,...,r} 

Set 

(y,Q) = (B^=°,i?o-nr). 
{V ®F,Tj R, Tj o Dq ■ nr) has signature 

(1,2) if .7 = 1 
(2,1) if jG {2,...,r} 
(3,0) if JG {r + l,...,4. 

Let G = ReSi?/QGSpin(V"). The action of on V by conjugation induces an isomorphism 

B"" GSpm{V) 
b I — > {v bvb~^), 

thus G ~ Resp/QiB''). 

Let X £ V such that Q{x) ^ 0, and denote by Xj its image in V (8)_f,tj R- Denote by K the 
quadratic extension F + Fx and T = Res/f/Q(G,„)/Res^/Q(G,„) as above. Let q be the inclusion 
K ^ B. 

Proposition 6.2.2. The set 

Dx = Dx, X ■■■ X Dx^ 
is a q{T (R,))° -orbit in D whose projection on Di is a point. 

Proof. As X e V, Tt{x) = and .t^ = -nr(x) = G F^. Let j G {l,...,r}. We have 

Tj(Q(x)) > hence Tj{x'^)Tj(DQ) < 0. Thus ti ramifies in K and T2, . . . ,Tr are split. Moreover 
qi{K^) fixes xi by defintion of K. 

□ 
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Let US focus on the general case when V has dimension n. Fix t e F satisfying Vj £ { 1 , . . . , r} Tj (t ) > 
0. G'(Q) acts on ilt ~ {x e V{F) \ Q{x) = t} by conjugation. 

Let iy9 be a Schwartz function on V{F). Assume VLt ^ % and fix x e ilt- Denote by Z{y,if\H) 
the fohowing sum 

Z{t,^-H)= J2 ifiig-^ ■x)Zix,g;H). 

g€GAQ)\G(Q)/HFx 

Proposition 4.3.1 showed that for n = 1 [Z{x, g: H)] = e Hr-i{ShH{G/Z, X){C), C). A natural 

invariant to consider is the refined class 

f7(f ^■m\=c.^ (Harm'-(ShH(G/Z,X)(C))* 

^ lm(F,(Shj/(G/Z,X)(C),Z) ^Harn/(ShH(C?/^,X)(C))*)' 

where Harm''(Sh//(G/2', Ar)(C)) is the set of harmonic differential forms on Sh//(G'/Z, X)(C). 
In order to adapt the work of Yuan, Zhang and Zhang, we need the following conjecture 

Conjecture 6.2.3. In the situation of the above example {V,Q) — (i? ZJq ■ nr), the sum 

Y,{Z{t,^;H)}q' 

is a Hilhert modular form of weight 3/2. 

In [YZZ09], the authors work by induction. To apply their method we would need to prove that 
the refined classes are compatible with the tower of varieties attached to quadratic 

spaces Vx ^ V of signature (n, 2) x (n + 1, 1)'""-'^ x (n + 2, 0)''"'' (in which case a generalization 
of [KM90] should imply that ^tgo^ is a Hilbert modular form of weight f + 1 with 

t3>0 

coefficients in i7'-+i(Shff (G/Z, X)(C), C)). 

6.3. A Gross-Kohnen-Zagier-type conjecture. 

The Bruhat-Tits tree. In this section we recall some basic facts about the Bruhat-Tits tree (see 
[CJ] and [VigSO]). 

Let 11 be a finite place of F. The vertices of the Bruhat-Tits tree of PGL2(F„) are the maximal 
orders of M2(i^i,). Such maximal orders are endomorphism rings of lattices in F"^ ([VigSO], lemme 
2.1). There is an oriented edge between two vertices Oi and O2 if and only if there exist Li,L2 
lattices in such that d = End(Li), L2 C Li and L1/L2 — Op^l^vOp^- The intersection of 
the source and the target of paths of length n correspond to level w" Eichler orders. 

Fix some quadratic extension K/F. This data allow us to organize the Bruhat-Tits tree. Let 
: Ky ^ yi2{Fy) be a Fi,-embedding of Let Mo(A^) be the set of matrices in M2(-F„) which 
are upper triangular modulo N . If 

we say that ^ has level N . We can organize the vertices of the tree in "levels", by privileging a 
direction. Each level corresponds to a level of embedding relatively to Ok^ i-e. to orders which are 
in the same orbit under . The maximal orders in PGL2(Fi,) which are maximally embedded 
are on the bottom of the tree. 

Figures 2, 3 and 4 illustrate the dependence on the ramification type of v in K. 
Darmon's points, Kudla's program and a Gross-Kohnen-Zagier-type theorem. Recall that H = 
{R ®x Z)'^, where R is an Eichler order of B of level and that K = F ~\- Fx satisfies the 
following Heegner hypothesis. 

Hypothesis 6.3.1. Each prime p | Nj^ splits in K and each prime p | is inert in K . 

The group G^ is isomorphic to and Z[x, 1; H) is the image oi K^\DxXK^ / H in ShniG, X){C). 
Note that 

Z(x,l;i?) = ^ii+ti(^ii), 

where = [liue^,iT{ii})q{u) ■ l]^j;, ■ 

Let (fi = Ig^^^g. We are able to prove an analogue of Proposition A.I.I of [Kud04] when = 1, 
B = M2{F), R = M2(Of), t = Q{x) = L»onr(2;) £ F mid K = F + Fx is such that KnR = OK 
e^ndOK = Of + Ofx. Set ci(^ii) = {[ti(a;), 6]^^, , b€B>'}. 
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\ / \ / \ / 



Figure 2. Brulmt-Tits tree of PGL2(i^„) when v is split. 

\ / \ / \ / \ / 

\ / \ / \ / \ / 





Figure 3. Bruhat-Tits tree PGL2 (i^u) when v is ramified. 




Figure 4. Bruhat-Tits tree of PGL2(i^u) when v is inert. 

Proposition 6.3.2. If N = 1, r = d, B ^ M2(F), H ^ R"" with R = M2{Of) and if Or = 
Op +Ofx, then Z(t,tp;H) is equal to 

Z{x, 1; H) = + ci{3-^) = - eSr^. 

Remark 6.3.3. Under the strong hypotheses above, e = (—1)'* and the cycle obtained is zero 
when d is even. 

Proof. By definition 

Z{t, ip-H)^ H-^'-o (5"' ■ x)Z{x, g- H). 

We have to determine g G K^\B^ /R^ satisfying g^^xg G i?"^'"", i.e. x £ gR^^^'^g^^. As 
k^\B^/F^R>^=\{'K:;\B^/R^^\{'K^\B^/F^R^. 
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This allows us to work locally with / F^' , which is identified to the -orbits of maximal 

orders of PGL2(Fi,). This gives the following condition, Xy S g^R^g"^. 

First let us consider those g^ G B^/R^F^ satisfying Xy € gvRvgv^- The ring g^R^g:^^ is a 
maximal order containing x^. Using the fact that Ok — Of + Opx, we have 

Xu € g^Rugy^ ■^=^ gyRyg:^^ n = Ok,.- 

Hence the maximal order gyRyg~^ is maximally embedded in Ky. It is identified to a vertex at 
the lowest level of the Bruhat-Tits tree. As each vertex at the same level is in the same /^^f -orbit, 
we have 

yv gy = l^K::\B^/F^R^. 
Thus Z{t,(p;H) = Z{x,l;H) and as D^-^ is a set of two points, Z{x,l;H) is identified with 
5^1^ 4- ci{.9'j^) = 5^1^ - e3^i\ thanks to Proposition 6.1.1. 

□ 

We now consider the case when N = N^N^ 7^ 1 is prime to (Ik/f- The following proposition 
is true even if i? 7^ M2(F) but we still assume that R is an Eichler order of level 7V+ and Ok = 
Of + Ofx. 

Proposition 6.3.4. Let N he the conductor of E. If N is prime to (Ik/Fj then 

Zit,(p;H) = [|(l + inv,(B)£,„)^(x,l;i7). 

v\N 

Proof. The proof is analogous to the proof of Proposition 6.3.2. Let us first compute the number of 
terms in Z{t, (p; H). We need to determine for each v the number of if ^-orbits of oriented paths of 
length ord.„(A'^+) in the Bruhat-Tits tree; this is equal to the number of gy such that Xy €! gyRyg"^ . 

• li V \ N then the same argument as in Proposition 6.3.2 shows that there is only one orbit. 

• If u I A^_, By is ramified and v is inert in K. Hence Ky\By / Ry Fy ~ {l,7ri,} where 
TTi, G By is an element whose reduced norm has order 1 at 7r„ corresponds to the 
Atkin-Lehner involution. 

• If w I iV_(., V splits in K. Denote by the level of the order Ry. Each Eichler order of 
level is the intersection of the origin and the target of an oriented path of length 5. 
By hypothesis those orders are maximally embedded in /\„ and the path corresponding to 
gyRygy^ is contained in the lowest level of the tree. As Ky acts by translations on this 
level, there are exactly two -orbits corresponding to gy depending on the orientation. 
We have g^ and g~ which are exchanged by the Atkin-Lehner involution corresponding to 

f TUy\ 

Let n be the number of prime ideals in the decomposition of N. The sum Z{t, (p; H) has 2" 
factors. Let W be the sets of these factors. By definition Z{x,g;H) = [■g]Z{x,l; H). Using 
Proposition 6.1.1 we obtain 

Z{t,p-H) = Y,\-9\Z{xA:H) = J](l + inv,(B)£,)Z(.T, 1; ii). 

g&W v\N 

□ 

Let us conclude this paper by another conjecture. Assume that E{F) has rank 1. Denote by Pq 
some generator of E{F) modulo torsion. For each t G Of totally positive such that {t) is square 
free and prime to cLk/fi denote by K[t] the quadratic extension 

K[t] = F(y^A^), 

which satisfies the hypothesis used to build Darmon's points. Let Pt^i be Darmon's point obtained 
for K[t\ and & = 1, and set 

The point Pt lies in E{F) and there exists an integer [Pt] G Z such that 

Pt = [Pt]Po modulo torsion. 

Proposition 6.3.4 together with Conjecture 6.2.3 suggest the following (as in Conjecture 5.3 of 
[DT08]). 
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Conjecture 6.3.5. There exists some Hilbert modular form g of level 3/2 such that the [Pt\s are 
proportional to some Fourier coefficients of g. 

Remark 6.3.6. Using the analogy with the Gross-Kohncn-Zagier theorem, the integers [Pt] should 
be (proportional to) square roots of L{E^Dgt, 1), where E^D^t is the twist of E by —Dot. 

Let us end this paper with two open questions. 

Question 6.3.7. Does Bruinier's genralization of Borcherds products [Bru] give anything inter- 
esting in this situation ? 

It is natural to expect that results of Cornut and Vatsal [CV07, CV05] hold also for Darmon's 
points. 

Question 6.3.8. Would it be possible to deduce such a result from suitable equidistribution 
properties for the real tori ,5^° ? 
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